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Abstract
Previously (A. Akhmeteli, J. Math. Phys., v. 52, p. 082303 (2011)), the Dirac equation in an
arbitrary electromagnetic field was shown to be generally equivalent to a fourth-order equation for
just one component of the four-component Dirac spinor function, and the remaining component
can be made real by a gauge transformation. This work extends the result to the case of the Dirac
equation in the Yang-Mills field.
∗Electronic address: akhmeteli@ltasolid.com; URL: http://www.akhmeteli.org
1
I. INTRODUCTION
Schro¨dinger [1] noticed that a charged scalar field can be made real by a gauge transfor-
mation. It was shown recently ( [2–4]; see also [5], pp. 24-25, [6]) that, in a general case,
three out of four complex components of the Dirac spinor can be algebraically eliminated
from the Dirac equation in an arbitrary electromagnetic field, and the remaining component
can be made real by a gauge transformation, at least locally. However, the Dirac equation is
also a key part of the Standard Model, so it is interesting to see if similar results can be de-
rived for the Dirac equation in a non-Abelian gauge field. We consider the case of the Dirac
equation in SU(n) Yang-Mills field, following the more general approach of [3, 4]. All fields
are classical (non-second-quantized) in this work. The fermion field has 4n components. It
turns out that 3n components can be algebraically eliminated in a general case, and then,
choosing a unitary gauge [7], all the remaining components but one can be made zero, and
the last component can be made real.
II. ALGEBRAIC ELIMINATION OF SPINOR COMPONENTS FROM THE
DIRAC EQUATION IN THE YANG-MILLS FIELD
Let us start with the Dirac equation in a Yang-Mills field ( [8], p.493)in the following
form:
(i/∂ − /A)ψ = ψ, (1)
where, e.g., /A = Aµγ
µ (the Feynman slash notation), Aµ = A
a
µT
a, T a are generators of the
SU(n) group. For the sake of simplicity, a system of units ~ = c = m = 1 is used, and
the charge is included in Aµ. Components ψiα of the field ψ have an SU(n) fundamental
representation index (“color” index) i and a spinor index α. The metric tensor used to raise
and lower indices is [7]
gµν = g
µν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


, gνµ = δ
ν
µ.
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Multiplying both sides of equation (1) by (i/∂ − /A) from the left and using notation
σµν =
i
2
[γµ, γν ], (2)
Fµν = i[i∂µ −Aµ, i∂ν −Aν ] = Aν,µ −Aµ,ν + i[Aµ, Aν ], (3)
we obtain (cf. [8], p.173):
ψ = (iγν∂ν − Aνγ
ν)(iγµ∂µ − Aµγ
µ)ψ =
(i∂ν − Aν)(i∂µ − Aµ)γ
νγµψ = (i∂ν −Aν)(i∂µ − Aµ)
1
2
({γν , γµ}+ [γν , γµ])ψ =
((i∂µ − Aµ)(i∂
µ − Aµ) +
1
4
({i∂ν − Aν , i∂µ − Aµ}+ [i∂ν −Aν , i∂µ − Aµ])[γ
ν , γµ])ψ =
((i∂µ − Aµ)(i∂
µ − Aµ) +
1
4
[i∂ν −Aν , i∂µ − Aµ][γ
ν , γµ])ψ =
(−∂µ∂µ − 2iA
µ∂µ − iA
µ
,µ + A
µAµ −
1
2
Fνµσ
νµ)ψ. (4)
We used the fact that the contraction of a symmetric and an antisymmetric tensors vanishes.
Equation (4) is similar to an equation derived for the Dirac equation in electromagnetic
field and used by Feynman and Gell-Mann [9] to eliminate two out of four components of
the Dirac spinor function (see also an earlier article [10]). We obtain:
(′ + F )ψ = 0, (5)
where the modified d’Alembertian ′ is defined as follows:

′ = ∂µ∂µ + 2iA
µ∂µ + iA
µ
,µ − A
µAµ + 1 = −(i∂µ −Aµ)(i∂
µ −Aµ) + 1, (6)
and
F =
1
2
Fνµσ
νµ. (7)
Let us note that ′ and F are manifestly relativistically covariant.
We assume that the set of γ-matrices satisfies the standard hermiticity conditions [7]:
γµ† = γ0γµγ0, γ5† = γ5. (8)
Then a charge conjugation matrix C can be chosen in such a way ( [11], [12]) that
CγµC−1 = −γµT , Cγ5C−1 = γ5T , CσµνC−1 = −σµνT , (9)
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CT = C† = −C,CC† = C†C = I, C2 = −I, (10)
where the superscript T denotes transposition, and I is the unit matrix.
We will consider “spinor components” of the field ψ having the form ξ¯ψ, where ξ is a
Dirac spinor. Such “spinor components” have “color” components ξ∗αγ
0
αβψiβ. Let us further
assume that ξ is a constant spinor (so it does not depend on the spacetime coordinates
x = (x0, x1, x2, x3), and ∂µξ ≡ 0) and multiply both sides of equation (5) by ξ¯ from the left:

′(ξ¯ψ) + ξ¯Fψ = 0. (11)
To derive an equation for only one “spinor component” ξ¯ψ, we need to express ξ¯Fψ via
ξ¯ψ, but the author cannot do this for an arbitrary spinor ξ or prove that this cannot be
done. Therefore, to simplify this task, we demand that ξ is an eigenvector of γ5, in other
words, ξ is either right-handed or left-handed (the derivation can also be performed for
such constant spinors multiplied by a function of spacetime coordinates). This condition
is Lorentz-invariant. Indeed, Dirac spinors χ transform under a Lorentz transformation as
follows:
χ′ = Λχ, (12)
where matrix Λ is non-singular and commutes with γ5 if the Lorentz transformation is proper
and anticommutes otherwise [13]. Therefore, if ξ is an eigenvector of γ5, then ξ′ is also an
eigenvector of γ5, although not necessarily with the same eigenvalue.
Eigenvalues of γ5 equal either +1 or −1, so γ5ξ = ±ξ. The linear subspace of eigenvectors
of γ5 with the same eigenvalue as ξ is two-dimensional, so we can choose another constant
spinor η that is an eigenvector of γ5 with the same eigenvalue as ξ in such a way that ξ and
η are linearly independent. This choice is Lorentz-covariant, as matrix Λ in equation (12)
is non-singular.
Obviously, we can derive an equation similar to (11) for η:

′(η¯ψ) + η¯Fψ = 0. (13)
We can express Fµν as F
a
µνT
a, where T a are the generators of the SU(n) group, then
F = F aT a, where F a = 1
2
F aνµσ
νµ. If γ5ξ = ±ξ, then ξ¯ = ξ†γ0 is a left eigenvector of γ5 with
an eigenvalue ∓1, as
ξ¯γ5 = ξ†γ0γ5 = −ξ†γ5γ0 = −(γ5ξ)†γ0 = ∓ξ¯. (14)
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The same is true for spinors η¯ = η†γ0 (the proof is identical to that in (14)), ξ¯F a, and η¯F a,
as γ5 commutes with σµν [7]. As the subspace of left eigenvectors of γ5 with an eigenvalue
∓1 is two-dimensional and includes spinors ξ¯F a, η¯F a, ξ¯, and η¯, where the two latter spinors
are linearly independent (otherwise spinors ξ and η would not be linearly independent),
there exist such aa = aa(x), ba = ba(x), a′a = a′a(x), b′a = b′a(x) that
ξ¯F a = aaξ¯ + baη¯, (15)
η¯F a = a′aξ¯ + b′aη¯. (16)
For each spinor χ the charge conjugated spinor
χc = Cχ¯T (17)
can be defined, and it has the same transformation properties under Lorentz transformations
as χ [12]. We have
χ¯χc = χ¯Cχ¯T = (χ¯)αCαβ(χ¯)β = 0, (18)
as (χ¯)α(χ¯)β and Cαβ are respectively symmetric and antisymmetric (see equation (10)) with
respect to transposition of α and β.
Let us multiply equations (15),(16) by ξc and ηc from the right:
ξ¯F aξc = aa(ξ¯ξc) + ba(η¯ξc) = ba(η¯ξc),
ξ¯F aηc = aa(ξ¯ηc) + ba(η¯ηc) = aa(ξ¯ηc),
η¯F aξc = a′a(ξ¯ξc) + b′a(η¯ξc) = b′a(η¯ξc),
η¯F aηc = a′a(ξ¯ηc) + b′a(η¯ηc) = a′a(ξ¯ηc),
so
aa =
ξ¯F aηc
ξ¯ηc
, ba =
ξ¯F aξc
η¯ξc
, a′a =
η¯F aηc
ξ¯ηc
, b′a =
η¯F aξc
η¯ξc
. (19)
Let us note that
ξ¯ηc = ξ¯Cη¯T = (ξ¯)αCαβ(η¯)β = −(η¯)βCβα(ξ¯)α = −η¯ξ
c (20)
and
ξ¯F aηc = ξ¯F aCη¯T = (ξ¯F aCη¯T )T = η¯CTF aT ξ¯T = η¯F aCξ¯T = η¯F aξc, (21)
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as
σµνC = −Cσ
T
µν (22)
(see equations (9),(10)). Therefore,
b′a = −aa. (23)
Equations (11), (13),(15), (16) yield

′(ξ¯ψ) + a(ξ¯ψ) + b(η¯ψ) = 0,

′(η¯ψ) + a′(ξ¯ψ) + b′(η¯ψ) = ′(η¯ψ) + a′(ξ¯ψ)− a(η¯ψ) = 0,
where
a = aaT a, b = baT a, a′ = aaT a, b′ = b′aT a, (24)
so
η¯ψ = −b−1(′(ξ¯ψ) + a(ξ¯ψ)) (25)
and
(′ − a)(−b−1)(′ + a)(ξ¯ψ) + a′(ξ¯ψ) = 0 (26)
or
((′ − a)b−1(′ + a)− a′)(ξ¯ψ) = 0. (27)
Substituting the expressions for aa, ba, a′a from equation (19) and using equations (20) and
(27), we finally obtain:
(((ξ¯ηc)′ − ξ¯F ηc)(ξ¯F ξc)−1((ξ¯ηc)′ + ξ¯F ηc) + η¯F ηc)(ξ¯ψ) = 0. (28)
This equation for one “spinor component” ξ¯ψ is generally equivalent to the Dirac equation
in the Yang-Mills field (1) (if ξ¯F ξc is not identically singular, which is generally the case):
on the one hand, it was derived from the Dirac equation, on the other hand, the field ψ
can be restored if its “spinor component” ξ¯ψ is known and the Dirac equation (1) can be
derived from equation (1). This can be demonstrated along the same lines as in [3, 4].
The only “spinor component” in equation (28) has n “color” components, however, using
a gauge transformation, all of them but one can be made zero and the remaining component
can be made real, as the action of the SU(n) group on the unit sphere in Cn is transitive for
n ≥ 2 [14].
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III. CONCLUSION
We considered the Dirac equation in the SU(n) Yang-Mills field and showed that 3n out
of 4n components of the spinor field can be algebraically eliminated from the equation in
a general case, and then all the remaining components but one can be made zero using a
gauge transformation, and the last component can be made real. Conceptually, this can be
a radical simplification of the Yang-Mills theory.
The resulting equation for the real component describing the spinor field is overdeter-
mined in a general case, so one can hope to eliminate the spinor field altogether, getting
equations for the Yang-Mills field only, as such elimination was shown to be possible for
scalar electrodynamics [15, 16] and spinor electrodynamics [16]. It would also be inter-
esting to derive the Lagrangian for the Dirac-Yang-Mills system containing only one real
component of the spinor field, as such a Lagrangian was derived for spinor electrodynamics
(Dirac-Maxwell electrodynamics) [17].
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